Some primitive group rings  by Irving, Ronald S
JOURNALOFALGEBRA 56,274-281(1979) 
Some Primitive Group Rings 
RONALD S. IRVING 
Department of Mathematics, &and& University, Waltham, Massachusetts 02154 
Communicated by Graham Higman 
Received May 9, 1978 
I. INTRODUCTION 
In this paper, we prove that certain group rings are primitive by exhibiting a 
construction of faithful, simple modules for them. Let us recall two of the early 
results on primitivity of group rings. Let G be an infinite group, and let Z 2 G 
be the wreath product of the infinite cyclic groupZ with G. Passman proved that 
for fields K with transcendence degree greater than or equal to the cardinality 
of G, the group ring K[Z 2 G] is primitive [8]. For any other group H, Formanek 
proved that the group ring of the free product G*H is primitive over any field, 
or any domain of cardinality less than or equal to the cardinality of G [3]. Both 
proofs show that a comaximal left ideal exists, in order to deduce primitivity. 
More recently, McGregor has exhibited a faithful, simple module for the group 
ring of a countable free group over a field [8]. W e p rove in Section 2 an extension 
of Passman’s result: 
THEOREM 1. Let G be an injinite group and let R be an infinite domain such 
that either 1 R 1 < / G 1 or R is a jield. Then R[Z 1 G] is primitive. 
In Section 4, some consequences of this for G = Z are considered. 
We also prove Formanek’s free product result, provided H satisfies additional 
cardinality assumptions, in the third section. As a special case, we can treat free 
products with j H 1 < 1 G I. 
We wish to thank Donald Passman for suggesting a modification to an earlier 
module construction for Z 2 Z. Th is modification simplifies the proof, and has 
led to the more general Theorem 1 of this paper. Also George Bergman has made 
some helpful criticisms. 
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2. WREATH PRODUCTS 
Let us recall that the wreath product Z ? G is constructed as an extension of the 
free abelian group A on generators {xg: g E G} by G, satisfying the rule 
hxgh-1 = X@ . 
We now prove the first theorem. 
THEOREM 1. Let G be an injinitegroup and let R be an injkite domain szcch that 
either 1 R ) < / G ) or R is a jield. Then R[Z 2 Gl is primitive. 
Proof. Let K be the field of fractions of R and assume that j K j < [ G [. 
Let V be the K-vector space with basis the elements of G. To avoid confusion, 
we shall write a typical basis element as ng . Let G act on V by left multiplication: 
A special case of the rule relating G and A inside Z 2 G is 
x, = hx,h-1, 
where e is the identity element of G. So to define the action of A on V, we need 
only define the action of x, on V. Let 
where the elements t, are scalars in K which we will determine soon. We Cn 
compute that 
so every x, acts by multiplying basis vectors by scalars. 
Any element of R[Z 2 Gj can be written in the form 
c %!g, 
where the aB lie in R[A]. Such an element annihilates V if and only if each ag 
does, so Y is faithful over R[Z 2 Q if and only if it is faithful over R[A]. 
We will choose the scalars t, inductively in order to insure that V is faithful 
and simple. Consider the set 
T = P,,(G) u R[A], 
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where P,,(G) denotes the finite subsets of G. This set has cardinality : G ‘, 
so we may assume that some bijection exists between T and the first ordinal p 
with cardinality / G 1. Those ordinals 01 < p which correspond to a finite subset 
of G have cardinality / G I. Let us fix a mapping of this set onto a set of R-algebra 
generators of K, excluding (0, 11, so that c, is chosen at stage a. 
For each ordinal 01 < /3, we shall give values to finitely many of the t’s Let 
X, = (g E G: t, has been assigned a value at a stage 01’ < a>. 
Suppose the ath element of T is a finite subset jg, , . . . , gn} of G. We can choose an 
element h of G such that no hgi lies in X, . For otherwise the set 
covers G. But this set has cardinality < ~ w 1 ) 01 ‘: < I G 1. Define 
th& = Ccc 
th& = 1 for i>l. 
On the other hand, let the oath element of T be f E R[A], and suppose f is a 
polynomial in xa, ,..., xa, . Then f sends a basis vector oh to a scalar multiple 
of Vh > the scalar being the polynomialf evaluated on tg:lh in place of xa, . Find 
an h such that no g;‘h is in X, , and define 
t- &‘h >‘.., tg3q, 
to be any m-tuple of scalars in K - (0) such that f does not vanish when these 
values are substituted. 
If, after we have completed all 1 G 1 many steps, some t remains undefined, 
wd set it equal to 1. This completes the construction. The faithfulness of P is 
automatic, since we have insured that each element of R[A] acts faithfully. 
For simplicity, 4 let 
v = f Yivgf 
i=l 
be an element of I’, with ri # 0. Find the stage 01 at which {g, ,..., gl,} occurs as a 
subset of G, and suppose we selected the element h. Then 
12 * v = i diVh& 
i-1 
and 
(xc - 1)h . v = -f di(thg, - l)Vh& = 4(41,1 - l)Vh& . 
i=l 
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Thus we obtain a scalar multiple of a basis vector, which we can rewrite as cz~a 
for appropriate c and g. We would like to obtain all of K . z’~ . This is easily done, 
since 
xi, . cv&. = Cth-‘gZ’g ) 
and by construction, every element of K - (0, I} occurs as some R-linear com- 
bination of powers of the t’s, so 
and 
R[Z l G] . v > K vg , 
R[Z < G] . v = V. 
This proves the theorem for fields K with j K 1 < I G I. But a theorem of 
Passman states that primitivity is preserved under extension of base field, 
provided the group has trivial finite conjugate subgroup [9]. So the theorem is 
true for any infinite field. 
As noted in Passman’s paper, this theorem provides for any group G an 
explicit group H 2 G for which K[H] is primitive. The existence of such a 
group was first proved by Formanek and Snider [4], and also follows from 
Formanek’s result on free products. 
Let us note another consequence of Theorem 1. Given an infinite group G 
and a field K with / K 1 < 1 G /, we know that K[t, t-r][Z 2 G] is primitive. This 
ring can also be viewed as the group ring over k of the group H = Z x [Z 2 G]. 
Thus for small enough fields k, the group G can be embedded in a group H with 
infinite center, for which the group ring is primitive. This, too, follows from 
Formanek’s free product result, to which we now turn. 
3. FREE PRODUCTS 
As noted in the introduction, the primitivity results in this section were 
originally proved by Formanek [3]. W e say that a group H is residually < c 
for some cardinal c if, for every h # e in H, there is a non-trivial homomorphic 
image of H of cardinality < c, in which the image of Iz is still not the identity. 
THEOREM 2. Let G be an injinite group and H a group of cardinality < 1 G /, 
which is residually < / G j. Then f or any domain R with more than two elements 
whose fraction field K is generated as an R-algebra by ,< 1 G 1 elements, the group 
ring R[G*H] is primitive. 
Proof. Let V be the K-vector space with basis (v,: g E G}, and let G act via 
left multiplication: 
g . vf& = vgh . 
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We will define the action of H in such a way that each element sends any basis 
vector to a scalar multiple of another basis vector. Let T be the set 
P,,(G) ” P<o,(G-W 
This has cardinality equal to 1 G I, and we fix a bijection between T and the first 
ordinal /3 with I /3 1 = j G 1. The action of H will be defined inductively, on fewer 
than j G j-many elements at each stage 01 < /3. Let 
&, = {g E G: the action of H on 71~ is defined before stage a>. 
Then IX: < !ol!lGi = jG/. 
Those ordinals 01 corresponding to elements of P,,,,(G) form a set of size 1 G . 
Let us fix a map of this set onto a set of R-algebra generators of K, excluding 
(0, l), so that c, is chosen at stage 01. 
Suppose the oath element of T is {g, ,..., g,}, and let R be a non-trivial homo- 
morphic image of H with cardinality < / G I. We may choose ag in G such that 
no gg, lies in X= , since the set 
xwg;’ u *.. v xwg;l 
has cardinality < 1 G 1. Similarly we can choose g so that no gggi lies in X, . 
We now define the action of Ron baa, . For some h # e in R, let 
h . egg, = vzggi for i>l. 
For each i, choose 1 A I-many distinct basis vectors for which no H-action has 
been defined. Let us fix a correspondence of H with this set, so that li corresponds 
to v(h, i). Then we define 
h . vgg 1 = v(h, i) for i > I, 
and if i = 1, we define 
h %g, = c,v(h, 1). 
The action of R on these vectors v(h, ;) is now automatically determined, and 
well-defined, by the left representation of Ef on itself. 
This procedure insures that the resulting module is simple. For if ZI = 
CynI divg. , with dl $- 0, we find the ordinal a! corresponding to {g, ,..., g,>, and 
the associated elements g, g, and h. Then 
(hg - jjg) ZI = (h - 2) * f diugg, = d,(c, - lhggl . 
i-1 
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Thus we obtain a scalar multiple of a basis vector. Since the c,‘s generate K over 
R, and we can produce the multiple of a basis vector by any c, , we find that 
and so 
R[G * H] . o = V. 
It remains to treat ordinals a! corresponding to a finite set of words {zu, ..., w,} 
and insure that the module is faithful. If a non-zero element of R[G * H] anni- 
hilates V, then so does one which involves the word e non-trivially. Thus, to 
prove faithfulness, it suffices to find for each finite set of words a basis vector such 
that the non-identity words in the set send the basis vector to scalar multiples of 
basis vectors other than itself. We proceed as follows: 
By the residual property of H, there is a homomorphic image Ha of 
cardinality < ] G 1 in which the distinct elements of H occuring in the wi remain 
distinct. We will define an action of H, on j H, j-many basis elements of V, and 
this induces an action of H. Let us view the words wi as words in G * Ha . 
Since 1 X, 1 < 1 G I, we can choose an element g in the set 
where the union is taken over all those gi occuring at the end of some wj . We 
work with the basis vector vg . Suppose w = grh, ... gjhj . Then we define h, 
on vg to be a basis vector v8 such that the action of H, on va d is undefined. Then 
define hjpl on ~a,~ to be a basis vector V~ such that the action of H, on vg.- I is 
undefined. Contimting in this way, we finally have h, send the basis vector Aider 
consideration to a vector v such that g, . v is not equal to vs. 
We do the analogous procedure with each of the other words in turn. This 
results in a partial action of H, being defined on a finite set of basis vectors, 
vg, ,***, wig* For each vg, choose a set of unused vectors of size I HE I and have 
distinct elements of H, , whose action on vgi is undefined, send vg, to distinct 
vectors in this set. Then the action of H, on H, . va, is uniquely defined by the 
left regular representation of H, . This extends the partial action of H, . 
If any basis vectors are left after the 1 G 1 steps, we define the action of H 
on them to be the identity. This completes the construction of the representation. 
By the remarks made earlier, the resulting module is faithful and simple. 
4. AN EXAMPLE 
In analogy with his results on enveloping algebras of solvable Lie algebras, 
Dixmier has raised the following question [2]: Let A be a finitely-generated 
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prime algebra over a field K, with a left and right ring of quotients Q. Are the 
following equivalent: 
(i) A is primitive, 
(ii) the center of Q is algebraic over k, 
(iii) the intersection of the non-zero primitive ideals of A is non-zero? 
The implication (i) ” . -+ (11)1s a type of Nullstellensatz statement, and is known 
to hold for many finitely-generated algebras, including any finitely-generated 
algebra over an uncountable field, any finitely-generated PI-algebra [I], and any 
enveloping algebra [lo]. In fact, to our knowledge, the first counter-example to 
(i) --+ (ii) for fi ni e y generated t 1 - algebras without restriction is provided by 
Formanek’s primitivity result, our Theorem 2. In the case of group rings, 
(iii) --f (i) - (ii) is known to hold for polycyclic-by-finite groups [I I]. But 
(ii) + (iii) does not hold, as an example of Lorenz demonstrates [7]. 
Our Theorem 1 provides a counter-example to (i) -+ (ii) and (i) + (iii). 
Let G be the wreath product Z t Z. Then G is a cyclic extension of the free 
abelian group A on {m: n E Z}. For any domain R, the ring R[Gj can be viewed 
as a twisted polynomial ring over R[A], obtained by adjoining the variables x and 
x-r by the rule 
1 
x- Y& = Yn+1 .
The ring R[A] is a commutative domain, and it is well known that a twisted 
polynomial ring over an Ore domain, is an Ore domain. Hence R[C;I is Ore, 
and has a left and right of quotients. In addition, if R is countably infinite, 
Theorem 1 implies that R[Gj is primitive. Letting R = k[t] for a countable field 
k, we obtain an example which supplies a negative answer to (i) + (ii). 
Also, for any commutative Jacobson domain R, the ring R[Gj does not 
satisfy (iii). We can see this as follows: Since the maximal ideals of R intersect in 
(Cl), we may assume R is a field. The ideals I,, generated by yn - ys intersect 
in (0), so we may pass to R[G]/(y, - yo). Th is ring can be viewed as a twisted 
polynomial ring over R[y,i’,..., Y:‘~], and so is a Jacobson ring [5]. In fact, the 
maximal ideals of this ring intersect in (0), as can be seen as a special case of 
results in [6]. Thus the maximal ideals of R[G] intersect in (0). Letting R equal 
k and /~[t] respectively, we obtain an Ore domain which satisfies (i) and (ii) but 
not (iii), and an Ore domain which satisfies (i), but not (ii) or (iii). 
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